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LINKAGES AND DISTANCE GEOMETRY 
II. ON SETS OF n+2 POINTS IN E, THAT ARE MOST NEARLY 
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BY 
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(Communicated by Prof. C. J. BOUWKAMP at the meeting of October 26, 1968) 
5. DEFINITIONS AND MAIN RESULTS 
Let 
(5.1) Sn+z = {PO, PI, . . . > p,+l) C En 
be a set of n+ 2 points in E,. Evidently, the distances p~pj (i # j) can 
not all be equal to each other, as the set would then be congruent to 
a regular simplex in En+l, in contradiction to the inclusion relation (5.1). 
However, we may try to make these distances as nearly equal as possible. 
We interpret here this requirement as follows: First we nmmalize the set 
by assuming that 
(5.2) min p,tpj= 1, 
i*5 
as can always be achieved by a similitude, and then we require that the 
(5.3) diam (Sn+s)= max pgpi should be minimal. 
Assuming (5.2), let us define the quantity 
(5.4) cl,= min diam (Sn+s). 
%a+2 
Sets Sn+2 having diameters =a?, will be called most nearly equilateral 
which we usually replace by the shorter term qua&-regular. The existence 
of quasi-regular sets is clear; also that 
(5.5) d,>l. 
Our first result is 
THEOREM 4. Among the normalized quasi-regular sets i&+2 of E, there 
is always one with the property that the distances pipj (i #i) assume only 
one of the two values 1 or d,. 
Sets Sn+:! in E, having only two distances 1 and b (b> 1) between 
points, were recently studied by EINHORN and SCHOENBERG in [4] where 
they are called 2-valued sets. Here we shall call them 2-v&& or S-distance 
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sets. Using the notation of [4, 4851 we denote by &+a the collection of 
all normalized 2-distance (n+ 2)-point sets in E,. Their lesser distance 
is therefore always = 1. It was shown that &+a is a finite collection 
[4, Theorem 1,480] and all its elements were constructed for n = 2 (1 &I = 6) 
and for n=3 ([&]=27). 
Theorem 4 provides the following way of determining quasi-regular 
sets as well as the quantity d, defined by (5.4): 
Determine all elements of the collection &z. The least second distance b 
appearing among its elements is =a, and all elements corresponding to it 
are quasi-regular. 
It is likely that for every n the collection .&+z has 8 unique element 
having a least second distance, but this has not been established. Postu- 
lating this unicity we may state the following 
THEOREM 5. If the collection &+z of 2distance (n + 2)-point sets in E, 
ha8 a unique element 1.9, * having least second distance, then S,* is the only 
qua&regular set in E,. 
Using this result we shall show in Section 6 that 
(5.6) al=2, a2=E, h=Vi@. 
We now define a new and perhaps more fundamental quantity e, that 
will turn out to be closely related to a,,. 
DEFINITION 1. For each nZ 3 we define e, as the largest number ex- 
ceeding 1 with the following property: Let 
fL={p1,p2, . . ..pn} 
be an abstract set of n points. If we provide these points with distances papj 
(i< j) subject only to the inequalities 
(5.7) ISpipjde, if lli<jsn, 
then the distance set so obtained should be euclidean. 
Clearly ea= 2 and this is also the value of di as given by (5.6). This 
is not an isolated fact as shown by 
THEOREM 6. For each nz 3 the following relation h&S: 
W) e, = anes. 
From (5.6) we therefore obtain that 
Having constructively determined e, by Theorem 6, it is perhaps not 
superfluous to reformulate the characteristic property to e, as follows. 
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COROLLARY 1. If &=(& . . . . p,) is a distance set with distances satis- 
fying the inequality 
(5.10) max pip! Se, min pipj, 
r*f 
then S, is euclidean, and ers is the largest constant with this property. 
If S&Z C En+l, then we can make all distances between the points of 
i&+2 to’be = 1. However, if Sn+s C E, and if we impose the condition (5.2), 
then diam (&‘,+~)=a, is the best that we can achieve. It would seem 
intuitively plausible that for large values of n this loss of one dimension 
should make little difference. This suggests that lim a,= 1. This follows 
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from the following more precise result. 
THEOREM 7. The following inequalities hold: 
(5.12) 
aam 5 Y 1 I+%, 
v 2m+i a2m-16 I+-. 2ms- 1 
In Section 8 it will be shown that the right hand sides of (5.11) and 
(5.12) are the second distances of certain S-distance sets in Ezm and Ez,,,-I, 
respectively. The author conjectures that these particular sets are the 
unique 2-distance sets in their respective spaces having least second 
distance. The truth of this conjecture combined with our Theorem 6 
would show that in the two relations (5.11) and (5.12) the equality sign 
holds. 
Our definition (5.3) of a quasi-regular set is not the only reasonable one. 
The following also seems to be of interest: We define the set function 
(5.13) H(&+z)= 2 (PtPh2, 
i<f 
assume (5.2) to hold, and require that 
(5.14) H(S,+2) should be a minimum. 
Let the minimum value be 
(5.15) h, = min H(&+2). 
We shall say that a set S n+2 is pseudo-regular provided that 
(5.16) f&%+2) = h,. 
During a visit at Michigan State University in May 1968, Professor L. M. 
Kelly asked the author for information on pseudo-regular sets S, composed 
of m points in E %, such that men+ 2. At the time he could provide none. 
However, if m= n + 2, we can now state the following 
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THEOREM 8. ThesetS,*+, composed of the vertices of two regular simplices 
of E,, having all sides = 1, and having a common base, is a pseudo-regular 
set of En. This set IS’~.+~ has all its distances = 1 except a single distance, 
namely 
this being the double of the height of a regular simplex of En, of side 1. In 
par&&r we obtain that 
(6.17) hn=H(S,*+.J=&(n+1)+n+2+ 2 
n’ 
Theorem 7 will be established in Section 8. Even before we prove 
Theorems 4 and 5 in Section 7, let us see how Theorem 5 may be used in 
conjunction with the results of [4] to determine the unique quasi-regular 
sets in the spaces El, Ez, and Ea. 
6. EXAMPLES II 
1. The caSe of El. In El it is obvious that there is only one 2-distance 
3-point set: Three equidistant points on a line. By Theorem 5 this is 
also the only quasi-regular set in El and therefore 
(6.1) dl=2. 
Of course, this case is trivial and can be settled by simple direct arguments. 
2. The case of ES. Table 3 of [4, 4901 lists the six elements of &. 
Among them the square is the only element corresponding to the least 
second distance b =1/2. By Theorem 5 
(6.2) dz=1/2= 1.41 . . . 
and the square of side 1 is the only quasi-regular set in Ez. 
3. The caSe of Es. Table 5 of [4, 4931 lists the 27 elements of ,&. Among 
them a single element, there denoted by the symbol (5, 4, 4), corresponds 
to the least second distance having the value 
(6.3) d3=l/i275= 1.31 . . . . 
By Theorem 5 this is also the value of ds and the corresponding set of 
Fig. 2 is the only quasi-regular set in Es. 
Its distances are as follows 
(6-4) 
pQp3=pQp4=p)1p3=p)1p4=p2p3=p2p4= 1, 
pop~=p,opa=p~p3=psp4=d3. 
In Fig. 2 the four longer distances are cross-hatched. 
Fig. 2. 
7. PROOFS OF THEOREMS 4, 5, AND 6 
It should be clear that the set cr, defined by (1.5), may also be void 
in our discussion of Sections 3 and 4. This is precisely what we now 
assume for the linkage Sn+a(x) having as vertices the 12 + 2 points of the set 
(7.1) &tz= (PO, Pl, --,pn+1}. 
Since ~7 = 0, all distances ptpj are free to vary and their squares, in lexico- 
graphic order, are the components of the vector 
(7.2) x=(x1, . ..) xk), where lo = 
By Theorem 1 we conclude that the set 
(7.3) -%+1= (2; f&2(4 c (k)&+1} 
is an open convex set in Rk containing the point 
(7.4) 2=(1, 1, . ..) 1). 
Evidently in the present case Qn,+i is an open convex cone with vertex 
at the origin and contained in the positive orthant of Rk. 
In view of our problem of determining the quantity d,, defined by 
(5.4) under the restriction (5.2), we consider in Rk the cube 
(7.5) C(5): lSxrS5, (i= 1, . . . . k), 
having X as one of its vertices. From 2 E S,+i we conclude that 
(7.6) C(47 CQ,+1, 
provided that 5 is sufficiently close to 1. On the other hand (7.6) is surely 
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no longer valid if E is sufficiently large: The point ~0 of coordinates 
x1=... =Xb-l= 1, xk=[, 
is a vertex of the cube C(t) but is surely not in On+1 if 
(7.7) E>4, 
simply because S,+&rO) is not even a metric set, since many of its triples 
violate the triangle inequality. 
We conclude that there is a quantity 6=6,> 1 with the following two 
properties : 
(7.8) C(5)CQn+l if l<t<d 
(7.9) C(E) $ .%+I if 62 6. 
By our previous remark concerning (7.7) we know that 
(7.10) 1<654. 
We pay particular attention to the critical cube C(6) : Since !&,+I is convex 
and open it follows from (7.8) and (7.9) that at least one of the vertices 
of C(6), let us call it w, belongs to bQ n+i, and Theorem 1, in particular 
the relation ( 1.12), implies that 
(7.11) VE UQr 
r<n+1 
and therefore 
(7.12) 
However, v being a vertex of C(6), can have only coordinates that are 
= 1 or = 6. In other words: 
(7.13) S,+Z(V) is a 2-valued set with distances = 1 or I/S. 
From the definition (5.4) of the quantity dn, the relation 6 = max (pa~)z, 
and (7.12), we conclude that 
(7.14) d,S1/6. 
We claim that the inequality sign can not hold in (7.14) : Let us assume that 
(7.15) d,Z<d 
and reach a contradiction. Indeed, if 
(7.16) s,*+, =&+2(x*) 
is a quasi-regular set of E,, hence of diameter &, then surely 
x* ECk-h2) CQ,+1, 
by (7.15) and (7.8). Thus X* E On+1 and therefore S,+l(s*) C (i.s.)En+l 
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which contradicts the fact that the set (7.16) is in E,. We have just 
shown that 
(7.17) &=1/d. 
Now (7.13) shows that A!Y~+~(w) is a S-valued set with distances = 1 or cl, 
and Theorem 4 is established. 
Let us prove the next Theorem 5. We return to the cube 
C(6) = C(d,2) 
defined by (7.8) and (7.9). Let again v be one of the vertices of C(&2) 
that is also in bQn,+l. Can any other vertex w of C(d,2) be on the boundary 
852 n+lZ Such are bound to occur, but they all lead to 2-valued sets with 
distances 1 and cl%, and by the assumption of Theorem 5 these sets are 
forced to be congruent to the set A$+~(w) already found. 
Are there perhaps points x such that 
(7.18) x E Mql,2) n bS,+1 
that are not vertices of the cube Q(&) ‘1 For only such points x could produce 
quasi-regular sets, that are not 2-valued. This is impossible for the following 
reason : To reach a contradiction, let us assume (7.18) to hold while x 
is not a vertex of the cube. From the convexity of Qn,+, and (7.18) we 
conclude that an entire face of the cube (of dimension = 1, 2, . . . , or Ic- 1) 
is in bJ2,+1. Picking out one of the l-dimensional edges of this face, we 
conclude that &Q,+, contains a l-dimensional edge [wl, ~~1, joining the 
vertices VI and 2)~. It follows that 
(7.19) &+2(s) and S,+Z(VZ) 
are 2-valued sets, with distances 1 and a&, that are imbedclable in E,. 
Moreover, and this is the essential point, the two sets (7.19) are really 
distinct elements of the collection &+z: Because [VI, v2] is an edge of the 
cube, the coordinates of v1 and 2)~ are identical except that just one 
coordinate of v1 is changed from 1 to cl,, or viceversa, to obtain the coordi- 
nates of 112. It follows that the sets (7.19) actually differ in the number 
of distances that are = 1. They must therefore be different elements of 
&+2 of the same minimal diameter d, and this contradicts the assumption 
of Theorem 5. Theorem 5 is thereby established. 
In concluding let me say that we were lucky in our proof that the 
sets (7.19) must be different: Two S-valued sets with the same distances 
1 and d, may be different (i.e. incongruent) for topological reasons and 
yet have the same number of distances = 1, the difference being in their 
structure over which we would have had no control. 
We finally establish Theorem 6. We return to the critical cube C(d)= 
=C(d,z) and we know that it is contained in A%+, =&+lu iU,+,. If the 
distances of the metric set X,+2 = {po, . . . . pn+l} satisfy the relations 
1 s (pipjy 5 a?? 
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then the set is evidently congruent with the linkage X,+2(x) for an ap- 
propriate x E C(d,2). Therefore Sn+2 =&+2(x) is euclidean and Definition 1 
implies that 
(7.20) dn5en+2. 
Conversely, the Definition 1 evidently implies the inclusion 
and (7.8), (7.9) and (7.17) show that 
(en+2)2 5 6 = daz. 
From this and (7.20) we obtain that dn=en+2 and Theorem 6 is established. 
8. PROOF OF THEOREM 7 
An inspection of the quasi-regular sets in Ez and E3 (Section 6) suggests 
that we should investigate in E, the 2-distance sets Sn+s having the 
following structure : Let r and s be integers such that 
(8.1) r+s=n+2, T-22, sB2. 
For the graphs (1.6) and (1.5) we choose the (complete bipartite) graph 
(8.2) t= ((i, j); OSi<jSr- 1 or rs:i<jsn+ l} 
and its complementary graph 
(8.3) G= ((i, i); OSiSr- 1 and rgjsn+ I>, 
respectively. Our objective is to construct in E, a 2-distance set &+a 
such that 
(8.4) p,ep~= 1 if (i, i) E 0, and pipj=b if (i, j) E t, 
with the value of the second distance b depending on the choice of r. 
This value of b was originally determined by means of the algebraic 
tools used throughout this paper. However, the following direct geometric 
construction is shorter and more illuminating: 
Let ET-1 and Es-1 be subspaces of E, (through the origin 0) of respective 
dimensions Y- 1 and s- 1. Moreover, let them be orthogonal, hence 
En = ET-1 @ Es-l. 
Let 
(8.5) Tr = {pi} (i=O, 1, . ..) r-l) 
be a regular simplex in E,-1 with sides = b and center at 0. Likewise let 
63.6) Ts = {Pd (j=r, r+ 1, . ..) n+ 1) 
be a regular simplex in Es-1 with sides = b and center at 0. We know 
that for a regular simplex in Ek with side b, its 
radius = b 
k 
2(k+l) . 
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Using the notation (8.5) and (8.6) for the vertices of our simplices we 
conclude that 
From the orthogonality of our subspaces we obtain that 
kw~)2 = md2 + (oP~)2 = 2rs ;--; - ’ b2. 
Observe that the second set of conditions (8.4) is already realized by 
construction ; we now realize also the first set of conditions (8.4) by 
requiring that (~3sj)a = 1 whence 
or 
b2= 2rs 
2rs- ’ 
(8.7) 
This expression shows that we obtain the least value of b if we choose r 
such that rs=r(n+ 2 -r) is largest. This is the case when r and s are 
equal, if n is even, or if r-s= f 1, if n is odd. 
I. If n=2m we choose r=s=m+l to obtain 
b=(l--&)-*=(1+-f-y. 
2. If lz=2m-I we choose r=m+l, s=m, whence 
2m+1 
t 
2m(m+ 1) 
. 
This completes our proof of Theorem 7. 
9. PROOF OF THEOREM 8 
The proof is identical with the proof of Theorem 4 (Section 7) up to 
and including the relation (7.4) defining the point 2. Now the difference 
starts: In the present problem we wish to minimize the quantity 
(9.1) H(Sn+z)= 2 (~s~~)2=zl+x2+...+~~. 
t4 
For this reason we consider, instead of the cube (7.5), the simplex 
(9.2) T(E): x12 1, . . . . Xkk 1, x1+...+3&lE. 
Clearly 
T(t) C Qn+i if E is sufficiently close to k, 
while certainly 
T(6) $Q,+I if [>(k-1)+22=k+3, 
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because the point ~0 = (1, . . . , 1, XX) with xk > 4 furnishes a set S,+a(xO) that 
is not metric. We conclude that there is a number 6” such that 
T(gCQ,+l if k<E<6", 
T(~)$!&+I if 5hF. 
As in Section 7 the implication is that some vertex w of T(d*) is on the 
boundary oQn,+, . However, the coordinates of 2) are all = 1 except that 
one of them is =6* - k + 1. By the reasoning used to establish (7.17) we 
find that 
6” = h, = H(S,+2(w)). 
Therefore S,+s(v) =Sz+, is the set described in Theorem 7. 
Notice, however, the following: We can no longer assert that the 
intersection bQ,+i n bT(d*) contains only vertices of T(d*). In fact this 
is certainly not true for n= 2 : The double triangle S* of Theorem 8 is 
pseudo-regular, but so is the figure formed by any parallelogram having 
all its sides = 1, in particular the square. 
POST SCRIPTUM. The present paper was written in early July, 1968. 
A copy was sent to Professor J. J. SEIDEL who in the following weeks 
established all of the author’s conjectures concerning the quantity d, 
(See the forthcoming paper [9]). On the basis of Seidel’s work we now 
know that indeed the equality sign holds in the relations (5.11) and (5.12). 
Actually the preliminary copy that was sent to Seidel did not contain 
the present inequality (5.12) but one with a slightly larger right hand 
side. Thus Seidel independently discovered the correct value of dam-i. 
In early August 1968 the author presented his results in Professor 
P. Turan’s seminar at the University of Alberta. P. Turan, in collabo- 
ration with Vera T. S6s and A. Meir, immediately saw the possibility 
of combining Turan’s graph theorem with the new results on d, to obtain 
information on the distribution of the values of the distances between 
the points of a finite subset of En (See the forthcoming paper [ll]). 
Mt.&mm&a Research Center, U.S. Army 
Univeririty of Wkwn8in 
Madbon, Wkwtin 
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